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The d e p e n d e n c e  of the E u c k e n  f a c t o r  and  the P r a n d t l  c r i t e r i o n  on the n u m b e r  of d e g r e e s  of f r e e -  
dom and t h e r m a l  c a p a c i t y  is  i n v e s t i g a t e d  fo r  c o m p l e x  m o l e c u l e s  on the b a s i s  of s y s t e m a t i c  e x -  
p e r i m e n t a l  da t a  on the v i s c o s i t y  and t h e r m a l  c o n d u c t t v i t y  of a lkane  and a l k e n e  h o m o l o g s  [1, 2]. 

It is i n t e r e s t i n g  to c o m p a r e  the l a t e s t  t h e o r e t i c a l  and e x p e r i m e n t a l  r e s u l t s  d e s c r i b i n g  the t r a n s f e r  of 
m o m e n t u m  and the k ine t i c  e n e r g y  of the t r a n s l a t i o n a l  m o v e m e n t  of m o l e c u l e s .  F o r  s i m p l e  p a r t i c l e s ,  f o r  e x -  
a m p l e ,  i n e r t  g a s  a t o m s ,  which do  not  have any  d e g r e e s  of f r e e d o m  o t h e r  than the t r a n s l a t i o n a l ,  th is  t h e o r y  
l e a d s  to the w e l l - k n o w n  Maxwel l  f o r m u l a  

5 (1) ~,M -- v,c~., 
2 

w h e r e  X is the c o e f f i c i e n t  of thel~mal c o n d u c t i v i t y  of the r a r e f i e d  g a s ,  M is  the m o l e c u l a r  m a s s ,  7/is the c o e f f i -  
c i e n t  of d y n a m i c  v i s c o s i t y  of the r a r e f i e d  g a s ,  and c v is the m o l a r  t h e r m a l  c o n d u c t i v i t y  of the gas  a t  c o n s t a n t  
v o l u m e .  

F o r  i n e r t  g a s e s  f o r m u l a  (I) is s a t i s f i e d  with e x p e r i m e n t a l  da t a  a c c u r a c y  th roughou t  the t e m p e r a t u r e  
r ange  u n d e r  i n v e s t i g a t i o n  f r o m  100 to 2000~ 

The m o l e c u l e s  of p o l y a t o m i e  g a s e s  m a y  have a l a r g e  n u m b e r  of i n t e r n a l  d e g r e e s  of f r e e d o m  a p a r t  f r o m  
the t h r e e  t r a n s l a t i o n a l  ones  [12]. The e x c i t a t i o n  and a t t e n u a t i o n  of the i n t e r n a l  d e g r e e s  of f r e e d o m  of the 
m o l e c u l e  c o n f o r m  to c o m p l e x  quantum p a t t e r n s  and a r e  d e p e n d e n t  both on the s t r u c t u r e  of the m o l e c u l e  and on 
the t e m p e r a t u r e .  

I n t e r n a l  d e g r e e s  of f r e e d o m  a r e  involved  in d i f f e r i n g  ways  in the t r a n s f e r  of m o m e n t u m  and e n e r g y  by the 
m o l e c u l e s  - they  p lay  v i r t u a l l y  no p a r t  in v i s c o s i t y  but have a v e r y  s t r o n g  inf luence  on the t h e r m a l  e o n d u c -  
t t v i t y .  As a r e s u l t ,  r e l a t i o n  (1) is not s a t i s f i e d ,  as  is  w e l l - k n o w n ,  f o r  p o l y a t o m i c  g a s e s .  

E u c k e n  [4] was the f i r s t  to m o d i f y  f o r m u l a  (1) m a k i n g  i t  m o r e  a c c u r a t e  f o r  the c a s e  of p o l y a t o m i c  m o l e -  
c u l e s  by p r o p o s i n g  tha t  the f luxes  of e n e r g y  t r a n s f e r r e d  by the t r a n s l a t i o n a l  and i n t e r n a l  (both r o t a t i o n a l  and 
v i b r a t i o n a l )  d e g r e e s  of f r e e d o m  be t r e a t e d  s e p a r a t e l y .  This  a s s u m p t i o n  is e q u i v a l e n t  to the e x p r e s s i o n  

---- ~'~ans@ )~int ' (2) 

which  is used  with e l e m e n t a r y  m o l e c u I a r - k i n e t i e  t h e o r y  as  a b a s i s  fo r  d e r i v i n g  

XM 5 I 

- -  Ctrans~- cint" (3) 
n 2 

B e a r i n g  in mind  tha t  

- 3-i- R=dc,,=%--R, (4) 
C lr  a_.qs~ 

Ins t i t u t e  of High T e m p e r a t u r e s ,  A c a d e m y o f S c i e n c e s  of the USSR, M osc ow .  T r a n s l a t e d  f rom I n z h e n e r n o -  
F i z i c h e s k i i  Z h u r n a l ,  Vol.  31, No. 4, pp.  704-709,  O c t o b e r ,  1976. O r i g i n a l  a r t i c l e  s u b m i t t e d  June 2 3 , 1 9 7 5 .  

This material is protected b), copyright registered in the name o f  Plenum Publishing Corporation, 227 West 1 7th Street, New York, N. Y, 10011. No part 
o f  this publication may be reproduced, stored in a retrieval system, or transmitted, in any form or by any means, electronic, mechanical, photocopying, 
microfilming, recording or otherwise, without written permission o f  the publisher. A copy o f  this article is available from the publisher for $Z50. 

1211 



where  R is the universa l  gas constant ,  Eueken de r ives  the relat ion known now as the "Eucken fac tor" :  

f ~,M 1 (9 .  c~ __5) " (5) 
~]c o 4 c o 

Chapman and Cowling [5] point out two inaccurac ies  assumed  in the der iva t ion  of fo rmula  (5). 

1. The reasoning  used in der iv ing it is true only when the t r a n s f e r  of ene rgy  f rom the internal  deg rees  
of f reedom to the t rans la t iona l  (i.e., to o the r  molecu les )  takes ptaee so  rarely that  the p roce s s  should be ig- 
nored.  This a s sumpt ion  is not true when applied to rotat ional  and ce r ta in  types of vibrat ional  deg rees  of f r e e -  
dora. 

2. It is quite c l e a r  that the t r a n s f e r  of ene rgy  by the internal  deg ree s  of f reedom of molecu les  is due to 
the t r a n s f e r  of the molecu les  t h e m s e l v e s ,  i .e. ,  to a se l f -d i f fus ion  p r o c e s s .  Hence it is postulated in [5] that 
these p r o c e s s e s  a re  not ident ical  and the coeff ic ient  of t r a n s f e r  of the internal  degrees  of f reedom Dint, which 
is not n e c e s s a r i l y  equal  to the eoeff ie ient  of se l f -d i f fus ion Dll, ~is inse r ted .  

Af te r  this modif icat ion for  g r e a t e r  accu racy ,  e x p r e s s i o n  (3) takes  the fo rm 

LM 5 pD int 
1 3  - -  2 C~ans+ ~1 tint' (6) 

Af ter  s e v e r a l  t r an s fo rm a t i ons  taking account  of (4), we obtain 

~M 1 [ ( 1 5 _ 6  pDint)_cp __15+10 pDin t ]  
= Co . ( 7 )  

The Eucken fo rmula  (5) can  be obtained f rom e x p r e s s i o n  (7) if it is a s sumed  that  PDint/~ = 1. 

In [7] fo r  nonpolar  molecu les  it is a s sumed  that  Din t = Dll. F o r  this case  a specif ic  resu l t  is obtained on 
the bas i s  of mo lecu l a r -k ine t i c  theory;  

PDx___LI = ~ _ _ ~ 2  (2"2) _ 6 A*. (8) 
~l 5 12 (~~ 5 

The expe r imen ta l  data  and calcula t ions  made  for  var ious  types o f m o l e c u l a r i n t e r a c t i o n  [3] show that6/5A* -~ 1.3, 
with this magni tude being v i r tua l ly  independent of t e m p e r a t u r e .  

The s y s t e m a t i c  ana lys i s  of the influence of inelast ic  col l is ions of polyatomic molecules  made by Mason 
and Monchik [7, 8] g ives  a more  comple te  e x p r e s s i o n  for  the Eucken factor :  

[ 2Cin t 5 pDint .)2} 
~M 5 pDint ! ~z 2 ~1 

2 atrans+ - -  c tn t -  2 5 C:illt i O 1 
~q l + - - z z  3 --R - ~ -  P~l ]hat (9) 

It is e a sy  to see  that the f i r s t  two t e r m s  of this exp re s s ion  coincide with formula  (6). The third t e rm ,  which in- 
cludes the number  of col l is ions  z requi red  to e s t ab l i sh  the equi l ibr ium between the t rans la t ional  and var ious  
d i f fe ren t  f o r m s  of in te rna l  m ovem en t  in the molecule ,  is a co r r ec t i on  for  inelastic col l i s ions .  As z ~ oo, i .e. ,  
when exchange is inhibited, e x p r e s s i o n  (9) becomes  identical  to fo rmula  (6). This formula  is compared  in [7, 
8] with expe r imen ta l  data for  a s e r i e s  of low-a tomic  gases  with a low number  of in ternal  degrees  of f reedom 
for  which the exchange of ene rgy  with the t rans la t iona l  movemen t  is inhibited (nitrogen, methane,  CO2). 

Recent  s y s t e m a t i c  invest igat ions  into the t r a n s f e r  p rope r t i e s  of the no rma l  homologs of alkanes and 
alkenes [1, 2] have made it poss ib le  to extend the c o m p a r i s o n  of theory  and expe r imen t  to complex  polyatomic 
molecu le s  for  which the n u m b e r  of internal  deg rees  of f reedom is m o r e  than one o r d e r  of magnitude g r e a t e r  
than the overa l l  n u m b e r  of degrees  of f reedom of any previous ly  examined gas .  Reliable data on the the rma l  
capac i ty  of gaseous  hydrocarbons  are  published in [6, 12, 13]. 

In the opinion of the p re sen t  authors  it  is be t t e r  to compa re  the Eucken fac tor ,  as calculated f rom expe r i -  
men ta l  data ,  with the analyt ical  expres s ions  in (5), (6), and (9) for  a wide range of subs tances  at all the t e m -  
p e r a t u r e s  under  invest igat ion as a function of the m o l a r  t he rma l  capaci ty  c v r a t h e r  than of the t e m p e r a t u r e  as 
has  been the p rac t i ce  a lways  in the pas t  [7, 8, 11]. The t h e r m a l  capac i ty  of the subs tance  is re la ted d i rec t ly  to 
the s t ruc tu re  of the molecu le ,  to the n u m b e r  of internal  degrees  of f reedom,  and to the d is t r ibut ion of ene rgy  

~It is in te res t ing  to note that in the case  of the rough sphe re  model  Mason, Monchik, and P e r e i r a  [7, 8] revea l  a 
connection between the num ber  of col l is ions z and Dint/D�94 As z ~ ~ this ra t io  is found to be equal,  in fact ,  to 
1, and in the o the r  e x t r e m e  case  when the ene rgy  exchange proceeds  eas i ly  (z ~ 1), Dint/Dll = 1.52. 
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Fig. 1. Eucken fac tor  f = kM/7/e v. Compar i -  
son of experimentai  and calculated values: a) 
1, 2, 3 , . . .  are experimental  values for  
methane,  ethane, propane, and other  paraffin 
hydrocarbons [1, 2, 6]; b) 2',  3 ' . . .  are the 
same for  olefin hydrocarbons;  c) experimental  
values for  inorganic gases from [6, 7, 9]; I is 
calculated by the Eucken formula  (5); II and III 
are calculated by the Mason and Monchik fo r -  
mula (9) for  cases  of z = 1 and z ~ ~, r e spec -  
tively, c v, ca l /mo le ' deg .  

through these degrees  of f reedom [12, 13]. The tempera ture  dependence of f is also then t raced c lear ly ,  since 
the r ise in tempera ture  causes  the generat ion of new internal degrees of freedom and the thermal  capaci ty  of 
the polyatomic molecules then r i ses  steadily.  

Figure  1 i l lustrates the results  of the compar ison.  All the substances are grouped c lea r ly  according to 
the degree of complexity of the molecules so that it is easy  to identify general  patterns related to ~ e i r  s t r u c -  
ture.  The Mason and Monchik formula  (9) is represented by two limiting cases :  curve II (z = 1, exchange of 
energy  between degrees  of freedom occurs  immediately) and curve III (z ~ ~, elastic impact), coinciding with 
the Chapman and Cowling formula (6). The original Eucken formula (5) is represented by curve I. 

The validity of formula (9) and the role of the exchange of energy between the degrees  of freedom can be 
cimcked in the case of hydrocarbons .  All the substances cur ren t ly  under investigation, f rom monatomic and di- 
atomic gases  to ex t remely  complex polyatomic molecules (for example,  hexadecane C 16H34), a r e  packed closely  
along curves  II and III. Obviously, the original  p remises  on which formulas (8) and (9) are based are fa i r ly  
re al ist ic .  

On the basis of investigations into the d ispers ion of ultrasound it is established by Lamber t  and his col-  
leagues in [10] that the exchange of energy  between the t ranslat ional  and vibrational degrees  of freedom in hy- 
d rocarbon  molecules proceeds easi ly.  The mean number  of collisions required for  the energy exchange is found 
to be not g r ea t e r  than five. They associa te  so rapid an exchange between the degrees  of freedom of normal  
hydrocarbons  with their  flexibility and the low frequencies of the torsional  vibrations through which all the other  
types of vibrations of the hydrocarbon core of the molecule can be generated.  In addition, they observe the 
special  role of the hydrogen atoms which surround the hydrocarbon core and readily absorb kinetic energy 
from another  molecule ,  distr ibuting the energy between the internal degrees  of f reedom [14, 15].* It can be 
concluded from an analysis  of formula  (9) that the Euckea factor  of complex molecules  is affected only slightly 
by taking account of inelastic coll is ions.  In fact, the difference between cases  of totally elast ic  and inelastic 
impact  (curves II and III in Fig. 1), which are  modified by the number  of degrees  of f reedom of the molecule,  
is slight. For  the s imples t  part icles  (c v = 3 ca l /mo le ,  deg), and for ve ry  complex par t ic les  (c v ~ ~) curves  II 
and III coincide.  The maximum d isc repancy  between the curves  is 7~o when c v = 6"30 ca l /mole 'deg .  

"4 low number  of coll isions (z ~ 1-4) is also cha rac te r i s t i c  of the small,  but polar,  molecules of the hydro-  
gen compounds H20 , NII3, etc. 
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The influence of t empe ra tu r e  on the Eucken fac tor ,  examined in [7, 8, 11] for  b i a tomic -pea t a tomic  m o l e -  
cu les ,  a lso  appl ies  to m o r e  complex  molecu le s .  The nature  of the var ia t ions  can be explained within the f r a m e -  
work  of the a s sumpt ions  made  in those pape r s .  In pa r t i cu l a r ,  the aonmonotonic var ia t ion  with t e m p e r a t u r e  of 
the f of methane,  ethane,  and propane (dashed curves  1, 2, and 3 in Fig.  1) is due to the influence of two opposing 
tendencies - the increase in f with a growth in z and the reduction in f with a growth in c v as the temperature 
rises and as "deeper" and ,,deeper" degrees of freedom are generated. 

For polyatomic molecules, for example, hexane (6), octane (8), and decane (10), only a slight rise in f is 
observed over the whole range of temperatures under investigation from the normal boiling point to the begin- 
ning of the thermal decomposition of the molecules. For sulfur hexafluoride the Eucken factor is reduced 
steadily with a rise in temperature, remaining at all investigation temperatures (270-800~ between curves II 
and IIf [9]. The Eucken formula (5), which is known to be inaccurate, coincides with experiment, as noted by 
Chapman and Cowling [5, 7], only in the case of low-atomic molecules (c v from 3 to 6 cal/mole'deg. For poly- 
atomic molecules it is perfectly clear that formula (5) is incorrect (the curve corresponding to it on the figure 
is 25% too low). 

F r o m  the resu l t s  of a c o m p a r i s o n  of expe r imen ta l  and theore t ica l  values  for  the Eucken fac to r  fo r  var ious  
subs t ances ,  re la t ions  can be r ecommended  for  calculat ing f and the Prandt l  number  (Pr  = 0cpAM) of any non- 
po la r  subs tance  with an e r r o r  not g r e a t e r  than ~5%: 

f _  
ZM 1.3+ 3 : 6 _  0 . 9 2 c ~ - - 2 . 7 5  

qc, c o (z +0.53c~ - -  0.76) c o 

Pr = 1 cp 

(lo) 

(11) 

In the case  of subs tances  with c v ~ 50 the third t e r m  in expres s ion  (10) can be omit ted for  all values of 
z without damaging  the a c c u r a c y  of the ca lcula t ions .  
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